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PrROBLEM 1: A WARM-UP MYSTERY CAG 2026

1: A warm-up mystery

(suggested by Aaron Williams)

Figure 1: Mysterious figure.

Question: What does Figure 1 show?
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2: Constant factor approximations for the flip distance

(suggested by Oswin Aichholzer, Joseph Dorfer, Peter Kramer, and Christian Rieck)

Consider a triangulation of a convex polygon with n vertices. A flip in a triangulation
is an operation that removes one edge from the triangulation and adds another such that
the resulting structure is again a triangulation. Such a flip is performed by taking two
triangles that share an edge, removing the shared edge and adding the other diagonal of the
resulting convex quadrilateral. For an example, see Figure 2. A flip sequence between two
triangulations T and T’ is a sequence T = Ty, Ty, ..., Tx 1, T = T’ in which two consecutive
triangulations only differ by a single valid flip. The index k denotes the length of a flip
sequence. The flip distance of two triangulations T and T’ is the minimum length of a flip
sequence from T to T’.

In 1986 Sleator, Tarjan, and Thurston [5] proved that there always exists a flip sequence
from any triangulation of a convex n-vertex polygon to any other triangulation of the same
polygon of length at most 2n — 10 for n > 12. The proof produces a flip sequence that flips
to a fan-shaped intermediate configuration as depicted in Figure 2. There are examples for
which this bound on the flip distance is tight [4].
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Figure 2: A flip sequence to a fan triangulation. One flip is especially highlighted at
the start.

Until now, this approach yields the best possible approximation algorithm for the flip
distance problem by providing a 2-factor approximation by the following modifications:
Observe that [T \ T’| gives a trivial lower bound on the flip distance between T and T’. If
an interior edge e is contained in both T and T’, then we split both triangulations along e
obtaining two pairs of smaller triangulations. The flip distance from T to T’ is then upper
bounded by the sum of the flip distances between the smaller triangulations. (In fact, the
flip distance is even equal to the sum of flip distances between the smaller triangulations
as proven in a lemma in [5]). We repeat this procedure until no common interior edges are
left. In the approach from [5], every interior edge is flipped at most twice. Therefore, the
flip distance is at least |T \ T'| and at most 2 - [T\ T’|.

Question 1: Can we provide a better polynomial time computable constant
factor approximation with approximation ratio 2 — e for some € > 07 How large
can we make €7

There are some known partial results in that direction. These include (1) providing an
upper bound on the flip distance in the number of crossings of T U T’ [2]; (2) heuristics
that efficiently compute upper and lower bounds on the flip distance, but without any
approximation guarantee, see [1] and the related work thereof; and (3) algorithms with a
better approximation ratio in case T and T’ are of a special form [3].
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Figure 3: A pair of triangulations in which the flip distance is strictly larger than [T\T’|.

Some further thoughts: In Figure 3, we provide an example in which the flip distance is 4
while [T\ T’| = 3. The reason is that we cannot directly add an edge of one triangulation
to the other is that every edge in one triangulation is crossed twice by edges from the other
triangulation.

Can we argue that we can always either make many “good” flips that exchange many edges
from the initial triangulation with edges from the target triangulation or find a "bad"
substructure that allows us to argue that we cannot do better? If we can always do either
of the two, this would allow us to make arguments towards an improved approximation
ratio.

We further throw in a different viewpoint on the problem:

Question 2: Is there an approximation scheme of any form to approximate the
flip distance?

The idea behind Question 2 is that the approximation factor might improve if we are allowed
to brute force increasingly larger “small” subinstances of triangulations. For a fixed size of
instances that we brute force, the runtime is polynomial. However, the runtime of the brute
force approach may grow exponentially with the size of the instances.
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3: Properties of the flip graph of odd matchings

(suggested by Oswin Aichholzer, Joseph Dorfer, Christian Rieck, and Francesco Verciani)

We study the reconfiguration of odd matchings, that is, matchings in a graph that leave
exactly one vertex unmatched. In a reconfiguration step, called a fiip, one edge of the
matching is modified. Specifically, the unmatched vertex is matched, and consequently
exactly one previously matched vertex becomes unmatched.

There are two distinct settings as depicted in Figure 4. In the geometric setting, vertices
are points in the plane and all odd matchings are crossing-free. In the combinatorial
setting, we study odd matchings in arbitrary graphs without geometric restrictions.
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Figure 4: Flips of odd matchings in the geometric and combinatorial setting in coun-
terclockwise and clockwise order, respectively.

Given a collection of configurations together with a specified set of permitted reconfiguration
steps, each transforming one configuration into another, we naturally obtain the fizp graph
of the configurations, a graph whose vertices represent configurations and whose edges
correspond to the allowed moves.

While the flip graph of odd matchings is connected in the geometric setting [2], this property
does not hold in general in the purely combinatorial setting. Nevertheless, a simple char-
acterization of the class of graphs whose flip graphs are connected has been established [1].

In case of connected flip graphs, one may be interested in shortest paths between any
two configurations. From a computational complexity perspective, deciding whether there
exists a flip sequence transforming two odd matchings into one another with at most k flips
is NP-hard in both settings. We can, however, make statements about the diameter of the
flip graph. In the combinatorial setting, we obtain a diameter of @(n). In the geometric
setting, we currently only have a lower bound of Q(n) and an upper bound of O(n?).

Question 1: Can we improve the lower or upper bound on the diameter of the
flip graph of odd matchings in the geometric setting?

Moreover, reconfiguration is deeply connected to Gray codes [3], which aim to enumerate
all feasible configurations in a sequence where consecutive configurations differ by exactly
one flip. In other words, a Gray code is a Hamiltonian cycle in the respective flip graph.
This perspective emphasizes not only reachability between solutions, but also the structure
of the solution space itself.
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Figure 5: Configurations of this type, namely those defined by a single chord that sepa-
rates one vertex from the remaining vertices, have ezxactly two adjacent con-
figurations in the flip graph. For a convex point set of odd size n > 7, these
n configurations collectively induce a cycle of length 2n, which does not span
all vertices of the flip graph.

In case of the geometric setting, the flip graph of odd matchings on point sets in convex
position does not contain a Hamiltonian cycle, as depicted in Figure 5.

The same is much less clear in the combinatorial setting. For example, the flip graph of
odd matchings for K5 contains a Hamiltonian cycle, as visualized in Figure 6.
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Figure 6: The flip graph of odd matchings in Ks, together with a Hamiltonian cycle.

Accordingly, we pose the following question:

Question 2: Is the flip graph of odd matchings in complete graphs Hamiltonian?

Note that this flip graph is vertex-transitive.
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4: Packing edge-disjoint plane graphs on point sets

(suggested by Linda Kleist)

Let S be a set of n points in the plane. How many edge-disjoint crossing-free straight-line
spanning paths does S allow? For points in convex position, there always exist |n/2| such
paths, for an illustration consider Figure 7. As the complete graph has n/2(n — 1) edges,
the bound is best possible. For general point sets, Kindermann, Kratochvil, Liotta, and
Valtr [5] show that there always exists 3 edge-disjoint paths and that there exist point sets
that allow for at most |n/3] edge-disjoint paths. The question at hand is to improve these
bounds.

Question 1: How many edge-disjoint spanning paths can we guarantee for each
set of n points in the plane?

Figure 7: An n-point set in convex position with n/2 edge-disjoint crossing-free straight-
line spanning paths.

This problem can be understood as a special case of geometric graph packing where edge-
disjoint copies of a plane graph are to be packed in the complete geometric graphs defined
by n points in the plane. Previous work considers the case of perfect matchings [3] and
spanning trees [1, 2, 4]. Clearly, one may wonder about other interesting families, e.g.,
spanning trees with bounded degree.

Question 2: How many edge disjoint spanning trees with degree at most 3 does
there exist on every n-point set in the plane?

Concerning Hamilton cycles, it is easy to see that some point sets only allow for one crossing-
free cycle. For instance, in convex position, there is a unique crossing-free Hamilton cycle.
The last question concerns the problem of better understanding what point sets allow for
edge-disjoint Hamilton cycles.

Question 3: Which point sets allow for two edge-disjoint crossing-free Hamilton
cycles?
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5: Growth rate of pattern-avoiding pseudoline arrangements

(suggested by Justin Dallant)

A (Euclidean) pseudoline arrangement is a collection of n simple curves in the Euclidean
plane (called pseudolines) extending to infinity in both directions such that every two curves
intersect at exactly one point, where they cross. It is simple if no three pseudolines intersect
at a common point. Two pseudoline arrangements are :somorphic if one can be mapped to
the other by an orientation-preserving homeomorphism of the plane. Given two pseudoline
arrangements A and A’, A’ is a subarrangement of A if there is a subset of the pseudolines
in A isomorphic to A’.

It is known that the number B,, of simple non-isomorphic arrangements of n pseudolines is
20(n%) [2, Chapt. 9], although the leading hidden constant in the exponent is not known.

The Stanley-Wilf conjecture (proven by Marcus and Tardos [3]) states that for every finite
permutation 7, there is a constant ¢, such that the number of permutations of length n
which avoid 7 is at most ¢!} (as n grows to infinity, this a vanishingly small proportion of
the n! permutations of length n in total).

Goaoc and Welzl [1] raised the following question about an analogue of this result for simple
pseudoline arrangements.

Question 1: Is it true that for any fixed simple pseudoline arrangement A, the
proportion of simple pseudoline arrangements of size n that do not have A as a
subarrangement tends to 0 as n — co?

A stronger version of this question might be easier to answer in the negative:

Question 2: Is it true that for any fixed simple pseudoline arrangement A, the
number B,,(A) of simple pseudoline arrangements of size n that do not have A
as a subarrangement is at most 2°(™)?

It is also natural to ask similar questions while focusing on stretchable pseudoline arrange-
ments, which are those isomorphic to an arrangement of straight lines, either by counting
only those or by restricting the question to the case where A is stretchable (the latter being
potentially easier to answer in the affirmative).
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6: Factored connected hypersubgraph arrangements

(suggested by Leonie Miihlherr)

A hyperplane arrangement A in a vector space V of dimension n is a finite set of (n—1)-
dimensional subspaces. Call L(A) the lattice of intersections of the arrangement and for
X € L(A) define the localization of A at X as

Ax ={He A | X CH}L

In [1], Cuntz and Kiihne defined the following:

Definition 1. Let G = (N, E) be a simple graph with vertezr set N = [n] ={1,2,...,n} and
edge set E C (2‘) The connected subgraph arrangement Ag in V = Q™ s defined as

Ag :={H; [0 C T C N,G[I] is connected},

where Hy 1s the hyperplane Hy =ker ) ;. x;.

From this definition, interesting arrangements can be recovered as connected subgraph
arrangements for special graphs such as the complete graph or the path graph. Cuntz
and Kiihne analyzed different properties of these arrangements, notably the property of
factoredness.

Definition 2 ([3], Definition 2.66). Let 7t = (my,--- ,7) be a partition of A. The partition 7
1s called independent if for any choice H; € my for 1 <1i <'s, the resulting s hyperplanes
are linearly independent.

Let X € L(A). The induced partition 7y of Ax is given by the nonempty blocks of the
form my N Ax. The partition 7 1s a factorization of A f

1. 7 1s independent

2. For each X € L(A)\V, the induced partition mx admits a block which 1s a single-
ton.

We call A factored if 1t admaits a factorization.

For the connected subgraph arrangements, there is a characterization of factoredness:

Theorem 3 ([1], Theorem 8.10). Let G be a connected graph. The connected subgraph
arrangement Ag 1s factored if and only if G 1s a path graph P,, or a path-with-triangle
graph Ay 1.

See Figure 8 for an illustration of these graphs.

One can replace the graphs in Definition 1 by hypergraphs. Each of these arrangements is
associated to a unique Boolean building set and each building set defines such an arrange-
ments, thus, we call these arrangements building set arrangements.

Definition 4 ([2], Lemma 3.9). A family F of subsets of [n] is a Boolean building set if
and only if F contains all singletons {i},1 € In], and the following condition holds: if
EF ecF and FNF #(), then FUF € F.
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Figure 8: Exzamples of graphs P and Ag 1 corresponding to factored connected subgraph

arrangements.

Figure 9: Ezample hypergraph whose connected hypergraph arrangement is not a con-
nected subgraph arrangement

Every connected hypersubgraph arrangement Ag is a subarrangement of the connected
subgraph arrangement Ag_, where K,, is the complete graph with n vertices. Nevertheless,
not every connected hypersubgraph arrangement is a connected subgraph arrangement, see
Figure 9.

Thus, we can ask:

Question 1: Is there a characterization of factored building set arrangements by
hypergraph or building set properties?

A follow-up question concerns itself with algebraic implications of the factoredness of an
arrangement.

Proposition 5 ([4], Corollary 1.2). Let A be a factored arrangement and let w = (7, -+ ,7Ts)
be a factorization of A. Then the Poincaré polynomial of A factors as

Poin(A,t) = [ [(1 + Imil - 1).

i=1

Question 2: Is there a characterization of the numbers |7t;| by hypergraph or
building set properties?
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CAG 2026 PrROBLEM 7: HAMILTONICITY OF 2-WAY TRANSPORTATION POLYTOPES

7: Hamiltonicity of 2-way transportation polytopes

(suggested by Hung Hoang and Arturo Merino)

A 2-way transportation polytope T(u,v) parameterised by two vectors u € R™ and v € R™
is the set of all m x n non-negative matrices whose row sums equal to u and whose column
sums equal to v. See [1] for a survey on this object, including the following facts and open
guestion.

The polytope T(u,v) is non-empty if and only if } ", w; = > i ;v;. For every point
X = (Xij)ie[m],jem) of the polytope, its support graph B(x) is the following subgraph of
the complete bipartite graph K, n: The vertices of B(x) are partitioned into two sets
{o1,...,0m} and {b1,...,0,}. For i € [m],j € [n], 0:d; is an edge of B(x) if and only if
xij > 0. In other words, B(x) encodes all the (strictly) positive entries of x.

A point x is a vertex of T(u,V), if and only if B(x) is a spanning tree. Two points x and y
are adjacent in the graph of T(u,v), if and only if B(x) U B(y) contains exactly one cycle.

Question: Is a 2-way transportation polytope always Hamiltonian?
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8: Kalai's conjectures and 2-level polytopes

(suggested by Martin Winter)

A polytope P C R4 is centrally-symmetric (or origin-symmetric) if —P = P. Despite much
progress in understanding face numbers of polytopes, the following elementary question
remains widely open:

Conjecture 1 (Kalai’s 3¢ conjecture, 1989, [2]). Every centrally-symmetric d-polytope has
at least 3¢ non-empty faces.

Here, the polytope itself is considered as a face, but the empty set is excluded. Observe
that the conjectured lower bound is attained for the d-dimensional cube as well as the
d-dimensional crosspolytope (the dual of the cube). There are further known polytopes
that attain this bound, the Hanner polytopes, and it is conjectured that these are the
only minimizers. The Hanner polytopes are constructed recursively: a Hanner polytope
of dimension one is a line segment. Higher-dimensional Hanner polytopes are obtained as
Cartesian products of Hanner polytopes of lower dimensions and of their duals. The number
of Hanner polytopes in dimension d = 1,2,3,...1is 1,1,2,4,8,18,40, 94,224,548, .. ..

Figure 10: The 3-cube and octahedron (the 3-dimensional crosspolytope). Both are
Hanner polytopes and 2-level polytopes.

A flag of a polytope is a maximal chain @ =F { CFy C--- C Fq_1 C Fq = P of faces of P,
where F; is i-dimensional. Kalai also posed the following related conjecture:

Conjecture 2 (Kalai’s flag conjecture, 1989, [2]). Every centrally-symmetric d-polytope has
at least d!12¢ flags.

Again, the Hanner polytopes are conjectured to be the only minimizers.

Some special cases have been resolved. For example, both conjectures are known to hold for
simplicial polytopes and on the class of unconditional (aka coordinate-symmetric) polytopes
[5, 1]. Both conjectures are true in dimension d < 3, and the 3¢ conjecture is also verified
in dimension d =4 [4].

We propose another polytope class on which these conjectures should be studied. A
centrally-symmetric polytope is 2-level if each facet contains precisely half of the vertices
of the polytope, or equivalently, if each facet together with its opposite facet contain all
vertices of the polytope. All 2-level polytopes are 0/1-polytopes, closed under duality and
include the Hanner polytopes. They are therefore a natural class to study both of Kalai’s
conjectures. In fact, they also contain all known near-misses to the 39 conjecture, such
as polytopes with 3¢ + 16 non-empty faces. The 2-level polytopes also encompass many
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well-known polytope classes, such as order polytopes of posets, stable set polytopes of per-
fect graphs, Hansen polytopes, spanning tree polytopes of series-parallel graphs, Birkhoff
polytopes and certain matroid base polytopes. In each case, Kalai’s conjectures express
non-trivial properties of the underlying combinatorial objects. Some interesting combina-
torial properties of their face numbers are known, e.g., that they cannot simultaneously have
both many vertices and facets: fo-fq 1 < d297' [3]. Lastly, it is known that minimizers to
face and flag numbers must be linearly compact, that is, the space of centrally-symmetric
realizations of the same combinatorial type must be compact (modulo linear transforma-
tions). 2-level polytopes are in fact linearly unique, i.e., they have only a single realization
up to linear transformation.

2-level polytopes have been enumerated up to dimension d = 8. Their number in dimen-
siond =1,2,3,...1s 1,1,2,4,13,45,238,1790,.... The first non-Hanner 2-level polytope
appears in dimension five. We verified Kalai’s conjectures computationally on all 2-level
polytopes up to dimension d = 8.

Finally, we also propose the following strengthening of Kalai’s 3¢ conjecture:
Conjecture 3. For each centrally-symmetric polytope P there exists a central hyperplane

(i.e., a hyperplane that passes through the origin) that intersects the relative interior
of at most a third of the faces of P.
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9: Kotzig's conjecture and paths in intersecting cycles

(suggested by Martin Winter)

A finite simple graph G is a Px-graph for some integer k > 1 if for any two distinct vertices
of the graph there exists precisely one path of length k between them. Kotzig proposed
the following conjecture:

Conjecture 1 (Kotzig’s conjecture, 1974, [1]). For k > 3 there are no Py-graphs with two
or more vertices.

Evidently, P;-graphs are complete graphs. The P,-graphs are classified by the friendship
theorem proven by Erd&s, Rényi, and Sés [2]: they are precisely the windmill graphs, i.e.,
graphs that consist of finitely many triangles that are joined at a common vertex (see Figure
11). It is known that there are no Py-graphs for 3 < k < 20 [3].

Let vw be an edge of a Py-graph for a k > 2. The edge vw together with the k-path
between v and w form a (k + 1)-cycle. One can show that every Py-graph decomposes into
an edge-disjoint union of such (k + 1)-cycles. One can furthermore show that any two such
(k 4+ 1)-cycles must intersect. It turns out that already in the subgraph consisting of two
such intersecting cycles it is hard (perhaps impossible) to avoid a double-k-path, i.e., two
k-paths (potentially intersecting many times) with the same end vertices.

This gives rise to another conjecture. A (k + 1)-cycle intersection is a graph that can be
written as the edge-disjoint union of two (k + 1)-cycles.

Conjecture 2 (cycle intersection conjecture). Every (k+ 1)-cycle intersection contains two
k-paths with the same end vertices.

(o) (o) o (o)
(o O OOO

Figure 11: Left: a P,-graph (i.e., a windmaill graph). Maiddle: a 16-cycle intersection.
The edges of the two cycles are shown wn different colors. Right: a double
15-path in the cycle intersection between the two black vertices.

One can show that in a potential counterexample to Conjecture 2 the cycles must have at
least six, and at most k — 2 vertices in common.

Evidently, an affirmative answer to Conjecture 2 would also resolve Conjecture 1. The
advantage of the cycle intersection conjecture is that it provides more structure to work
with as compared to Kotzig’s original conjecture. It is known that a Py-graph does contain
at least three (k+ 1)-cycles. One could therefore also formulate and investigate a conjecture
quite analogous to Conjecture 2, based on a (k + 1)-cycle triple-intersection, which would
provide even more structure to work with.

16



CAG 2026 ProBLEM 9: KOTZIG'S CONJECTURE AND INTERSECTING CYCLES

A central tool for studying cycle intersections are Hamiltonian decompositions. A cycle
intersection can be seen as a subdivision of a 4-regular (multi-)graph H. The two cycles
provide a Hamazltonian decomposition of H, i.e., two Hamilton cycles that together cover
all edges of the graph. It is known that a 4-regular graph with a Hamiltonian decomposition
has at least two further such decompositions [4]. Since Hamiltonian decompositions provide
potential for finding a double-k-path, counterexamples to Conjecture 2 are most likely to
be constructed through subdividing 4-regular graphs with few (but non-zero) Hamiltonian
decompositions.
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10: Complexity of determining extension complexity

(suggested by Christoph Hertrich)

The extension complexity xc(P) of a polytope P is the minimum number of inequalities
required to represent P as the feasible region of a linear program, potentially allowing extra
variables. An equivalent definition is the minimal number of facets of any polytope Q that
projects onto P. Such a polytope Q is called an eztended formulation of P. For example, in
Figure 12, we see a three-dimensional polytope with six facets that projects to the octagon,
proving that the extension complexity of the octagon is at most six. In some cases, for
example for the spanning tree polytope, xc(P) is exponentially smaller than the number of
facets [2], showing that efficient LP formulations are possible for the associated optimization
problem. In contrast, Rothvof [3] proved that the matching polytope has exponential
extension complexity even though an optimal matching can be found in polynomial time.
This shows that the matching problem cannot be solved by a single polynomial-size linear
program. Furthermore, Fiorini et al. [1] proved that the traveling salesperson polytope and
other related polytopes associated with NP-hard optimization problems have exponential
extension complexity. The authors of [1] and [3] received the 2023 Godel Prize for these
results.

|
SN

Figure 12: Extended formulation of the octagon.

While these strong results concern specific families of polytopes, the following general ques-
tion remains open.

Question: What is the computational complexity of determining xc(P) for a given
polytope P?

For this question, we assume that P is given in double-description form, i.e., we are given
both the facets and the vertices of P.

A crucial ingredient for computing xc(P) is Yannakakis’ theorem [6], stating that xc(P)
equals the nonnegative rank of the slack matrix of P. If P has f facets and v vertices, the
slack matriz S € IPL;XO" of P is the matrix that records, for each vertex—facet pair, the slack
of the vertex in the corresponding facet-defining inequality. The nonnegative rank of a
matrix S € ]R‘;XOV is the smallest v € IN such that S can be written as UV for two nonnegative

: X X
matrices U € R>0T and V € IR;O".

Shitov [5] showed that computing the nonnegative rank of a matrix S is complete for
the existential theory of the reals (IR), a complexity class that is conjectured to be
a strict superset of NP. However, Shitov’s reduction does not produce slack matrices
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of polytopes. Hence, it remains open whether the same hardness holds when the input
matrix is restricted to slack matrices of polytopes and, therefore, by Yannakakis’ theorem,
for determining xc(P). In particular, not even NP-hardness is known for slack matrices
of polytopes. On the other hand, all known algorithms to compute xc(P) use general
nonnegative rank computations. Therefore, the most promising way towards resolving the
open question is to find an alternative reduction to the one by Shitov that produces slack
matrices. A useful reference on JR-completeness is this compendium [4].
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11: Firefighting is hard

(suggested by Torben Schiirenberg)

Consider the following pursuit-evasion game introduced in [2]. The game is played on a
simple undirected graph G, and at the start of the game, we imagine all nodes of the graph G
to be on fire. A fixed number of firefighters are trying to extinguish the fire. Each time
step consists of two phases. In the first phase, every firefighter can extinguish one freely
chosen node (without any restrictions like moving along edges), but must then leave to
gather more water. In the second phase, with the firefighters absent, the fire spreads: Each
node with a burning neighbor catches fire again. In particular, this can include nodes that
have been extinguished in the first phase. The smallest number of firefighters for which
it is possible to extinguish the fire entirely is called the firefighter number fin(G). The
decision problem FIREFIGHTING asks whether fin(G) < m for a given graph G and a given

integer m.
(O Burning nodes B,
() Extinguished nodes E

1 Extinguishing |

(O Provisionally burning nodes Biit
Q Provisionally extinguished nodes

| S
O Firefighter set Fy,

1 Propagation |

O Burning nodes B 1
Q Extinguished nodes E,

Figure 13: Two firefighters try to extinguish a partially burning tree. Visualization of
the two phases, namely extinguishing and propagation phase, of the fire.

Recently, we have shown [1] that FIREFIGHTING is NP-hard. My hope is that we can use
this fact to show NP-hardness when we change the setting to different fire spreading rules:

e A node catches fire if at least k of its neighbors are burning.

e A node catches fire if at last a p-fraction of its neighbors are burning.

Question: Is FIREFIGHTING still NP-hard for the modified fire spreading rules
mentioned above?
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12: Quiver mutations

(suggested by Jean Cardinal)

A quiver is a directed multigraph without any loop or 2-cycle. Arcs of a quiver are usually
referred to as arrows. It plays a fundamental role in various areas of mathematics, in
particular in cluster algebras, which can encode Coxeter associahedra and triangulations
of surfaces. We refer to [5] and [2] for nice introductions to cluster algebras®.

A particular operation known as a mutation transforms a quiver into another one with the
same vertex set, and is instrumental in the definition of exchanges in cluster algebras. A
mutation occurs at some vertex k, and consists of the following three steps:

1. for each pair of arrows i — k and k — j, add an arrow 1 — j,
2. reverse all arrows incident to k,

3. remove all arrows in a maximal set of pairwise disjoint directed 2-cycles.

An illustration is given in Figure 14.

Figure 14: The three steps of a quiver mutation. Here the mutation takes place at vertex
3 (from [1]). Edge labels indicate multiplicity.

It can be seen that we retrieve flips in triangulations when the quiver is constructed from
a triangulation, as illustrated in Figure 15.

There are many open questions about mutations of quivers. In particular, the following
problem, posed by Fomin?, is open:

Question: Consider the computational problem of deciding, given two quivers on
the same vertex set, whether there exists a sequence of mutations that transforms
one into the other. Is this problem decidable?

This question is probably difficult. It might be possible, though, to give hardness results
for simple cases. A first step in this direction was made by Soukup [4], who proved that a
variant of the problem for so-called ice quivers, in which edges between “frozen” vertices
are not ignored, is NP-hard. Maybe one could start by considering those reductions and

1See also the Cluster Algebra portal: https://websites.umich.edu/~fomin/cluster.html.
2See the talk “Quiver mutations”, at the Open Problems in Algebraic Combinatorics conference, May 2022,
on YouTube: https://www.youtube.com/watch?v=bIRnbOOFv1M.
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Figure 15: A quiver constructed from a triangulation (from [5]). Mutations can only
occur on black vertices; the others are ‘“frozen”.

prove NP-hardness, or maybe even PSPACE-hardness, of the original problem. It was also
shown recently that mutation graphs can have long cycles [3].

I believe that there are many nice and fundamental open questions about these objects that
are worth exploring and have not yet been tackled by the algorithms community.
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13: Reachability in STRIPS} planning problems

(suggested by Petr Gregor)

A STRIPS) planning instance® (V,A,sy,sg) consists of the set V of n propositional
variables, a set A of possible actions on the literals of V, and the initial and the goal states
sy and sg. In STRIPS} each action is a pair of literals a = (17, 1,) meaning that we can
set 1, to be true if 1; is true. The literals 1; and 1, are called the precondition and the
effect of a, respectively. A state is a (total) truth assignment on V, i.e. a consistent set of
n literals. By symmetry, we may assume w.l.o.g. that s; is the set of all negative literals.
The task is to find a shortest plan, i.e. a sequence of actions that lead from s; to sg.

This can be conveniently represented by a directed graph on all 2n literals with a marked
goal state, see the example below. Initially, we have n tokens on the negative literals (the
bottom vertices). An arc (1y,1,) represents an action that allows us to move the token from

1, to 1, if there is a token on 1;.
()=
N

o o)
0

Figure 16: An ezample instance of STRIPS! for n = 4. The initial state is w.l.o.g.
st = (Vo,V1,V2,V3), the goal state here is sg = (vo,V1,V2,V3). The numbers
along the arcs indicate steps in a shortest plan from s; to sg. Here, it
requires 15 steps, which means that all states must be visited.

Question 1: Is it true that sg is always reachable from s; in poly(n) steps or
not reachable at all?

The study of STRIPS] was initiated by Bylander [1] who showed that determining whether
some plan exist is NP-complete for the variant STRIPS}Jr where the effects of all actions

are positive literals. This implies that determining whether some plan exists is NP-hard for
STRIPS]. A positive answer to Question 1 would imply that STRIPS] is also in NP.

Edelkamp and Jonsson [3] found instances for every n > 6 that require Q(n?) steps in the
shortest plan and they conjectured that Question 1 is true. Recently, we have found an
instance for n = 5 that requires 29 actions and we have verified by SAT solvers that 29
actions always suffice for n =5 [2]. Similarly, for n = 6 we have an instance requiring 39
actions, which is also optimal. For n = 7 we have an instance requiring 50 actions but we
do not know if it is optimal.

On the other hand, we have shown [2] that any shortest plan in a good instance omits at
least 2"~ 2 states for n > 16, and at least 2™ states for 12 < n < 16. An instance is good if
for every variable v there are two actions whose effects are v and v and whose preconditions
are consistent.

3STRIPS stands for the Standford Research Institute Planning System (Fikes and Nilsson, 1977).
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14: Circuits for the tropical permanent

(suggested by Christoph Hertrich)
Two closely related one-sentence formulations of this open problem:

e Can polynomial-size ReLLU neural networks solve minimum-weight perfect matching
in bipartite graphs (a.k.a. the assignment problem)?

e Are there polynomial-size (min,+, —)-circuits to compute the tropical permanent?

Given a matrix X = (xi;) € R™*™, the tropical permanent is the expression

where S,, denotes the set of permutations of {1,...,n}. Equivalently, tperm(X) is the weight
of a minimum-weight perfect matching in a bipartite graph with edge weight matrix X.
The tropical permanent is the tropicalized version of the classical permanent, that is, the
polynomial

perm(X) = Z Hxi,c(i)-

oeS, i=1

Computing the classical permanent is #P-complete. In algebraic complexity theory, the
permanent is the canonical VNP-complete family. It is widely believed but open that the
permanent does not admit polynomial-size arithmetic circuits; a proof would separate VP
from VNP.

In contrast, computing the tropical permanent is possible in polynomial time via the Hun-
garian algorithm. This motivates the question whether there also exist polynomial-size
circuits to represent tperm. Such circuits would naturally operate in tropical algebra, using
the operations min, +, and —. However, polynomial-time computability does not imply the
existence of polynomial-size circuits. The Hungarian algorithm crucially relies on adaptive,
data-dependent branching based on comparisons of intermediate quantities. Circuits, in
contrast, must compute the output by a fixed composition of operations without condi-
tional control flow.

Question: (see [4, Section 6.5, Problem 3]) Are there polynomial-size (min, +, —)-
circuits to compute the tropical permanent?

It is known that allowing subtraction is essential: there is an exponential lower bound for
(min, +)-circuits [4].

Beyond circuit complexity, a crucial motivation for this problem comes from neural network
expressivity. Every (min, 4, —)-circuit can easily be simulated by a ReLU feedforward neural
network, one of the most standard models in machine learning. While there exists a lot of
work about the approximation capabilities of ReLLU networks, it is largely unknown what
classes of functions they can exactly represent with polynomial size. Recent upper bounds
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were proven for maximum flows [3], minimum spanning trees [3], and regular matroids [2].
The existence of polynomial-size (min,+,—)-circuits to compute tperm would add min-
weight bipartite perfect matching to that list.

Similarly to [3], a promising approach could be to find a specialized algorithm for min-
weight perfect matching in bipartite graphs that only uses a very restricted set of operations:
namely affine transformations and maxima or minima, but no data-dependent branching.
Such algorithms are called straight-line programs. To this end, one could try to modify
existing versions of the Hungarian method such that it avoids branching. It is to be expected
that the dual variables will play an important role in this computation, as they depend in
a continuous and piecewise linear manner on the weights, and can hence potentially be
modeled directly in the circuit. As an inspiration, numerous algorithms for the assignment
problem can be found in this book [1].
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15: The search for simple symmetric Venn diagrams

(suggested by Torsten Miitze)

An n-Venn diagram is a collection of n simple closed curves in the plane that intersect only
finitely many times, thus creating exactly 2™ regions, one for every possible combination of
being inside/outside of each of the curves. It is well-known and easy to show that n-Venn
diagrams exist for every n > 1. For example, Figure 17 (a) below shows a 5-Venn diagram.
This diagram has the additional feature of rotational symmetry. Formally, in a symmetric
n-Venn diagram, each of the n curves is obtained from a single curve through rotation by
2n/n-1ifori=1,...,n. An easy necessary condition for a symmetric n-Venn diagram to
exist is that n is a prime number [3]. The question arises whether this condition is sufficient,
i.e., is there a symmetric n-Venn diagram for every prime n? This question has been open
for a long time, until in a 2004 breakthrough, Griggs, Killian and Savage [2] answered it
affirmatively.

Another additional feature of the 5-Venn diagram in Figure 17 is that it is simple, i.e.,
at most two curves cross in any point. The symmetric diagrams from [2] are not simple,
unfortunately. Consequently, Ruskey, Savage and Weston [6] raised the following question.

Question 1: Is there a simple symmetric n-Venn diagram for every prime n > 37

In tackling this question, it might be easier to restrict the search to monotone diagrams.
A k-region in an n-Venn diagram is a region that is inside of exactly k of the curves, and
outside the remaining n — k curves. A Venn diagram is monotone if for every 0 < k < mn,
every k-region is adjacent to both a (k — 1)-region and a (k + 1)-region. Geometrically,
monotone diagrams are precisely those that can be drawn by convex curves [1].

Simple symmetric (and monotone) n-Venn diagrams are known only for n = 3,5,7, 11,13 [5],
but not for any larger primes. It is known that for any prime n, there is a symmetric (and
monotone) n-Venn diagram in which at least 50% of all crossings are simple [4].

The dual graph of a monotone simple Venn diagram is a rhombic strip. This is a planar
spanning subgraph of the cover graph of the Boolean lattice of subsets of [n] = {1,...,n}in
which every face is a diamond, i.e., a 4-face spanning three consecutive levels. Restricting
to monotone diagrams, Question 1 can thus be restated as follows:

Question 2: Does the Boolean lattice of subsets of [n] admit a rhombic strip
that is invariant under cyclic shifts for every prime n > 37

The paper [2] constructs symmetric (non-simple and monotone) Venn diagrams by first
finding a symmetric chain partition in the necklace poset, which is obtained from the
Boolean lattice by identifying sets that differ by cyclic shifts, and then connecting those
chains to a planar spanning subgraph of the Boolean lattice that is invariant under cyclic
shifts. However, not all faces of this subgraph are 4-faces, but longer, leading to non-simple
crossings in the corresponding Venn diagram.
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Figure 17: (a) A 5-Venn diagram that is both simple and monotone. (b) The dual graph
of the Venn diagram. (c) The dual graph represented as a rhombic strip that
1s tnvariant under cyclic shifts, with one set of representatives highlighted
by the gray polygon. A symmetric chain partition 1s emphasized by dashed
lines. The diagram wraps around at the boundaries, and the left chain 1s
duplicated on the right (in gray).
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16: Rhombic strips for ideals of graphs, existence and non-existence

(suggested by Stefan Felsner and Robert Lauff)

11011] [01111] [10111]

[10110] [01110] [11010 4 01011]

[11000] [01100] [10100] [00110

11101 ]

[11100 00111] [10101] [01101] [11001 ]

[01010] [10010] [00011 (00101 [01001] [10001 |
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Figure 18: A rhombic strip in the boolean lattice of subsets of {1,...,5}. In blue, the
binary reflected Gray code.

Given a graded lattice L, a rhombic strip of L is a subdrawing R of the diagram of L with
the following three properties:

e R is the diagram of a lattice and spans all elements of L,
e R is plane (non-crossing),

e All bounded faces of R have degree 4 (resemble rhombic shape).

Drawings of rhombic strips are particularly nice and readable if all elements of rank k of L
are placed on a horizontal line, for example on y = k. The unbounded face of R is adjacent
to 2 maximal chains of L connecting the maximum and the minimum of L. They are called
left and right boundaries of R, respectively.

A rhombic strip R is Hamzltonian if it contains a Hamilton path that, for any rank k,
visits the elements of rank k in left-to-right order. A rhombic strip is cyclic if L restricted
to the elements from the left and right boundary of R admits a rhombic strip using no
edges from R. A more visual definition would be: A rhombic strip is cyclic if it has a plane
embedding on the sphere such that all faces have degree 4. Hamiltonicity for cyclic rhombic
strips is defined in the obvious way.

Admitting a rhombic strip, and especially a Hamiltonian rhombic strip, is a very strong
property for a lattice and has some remarkable consequences. As an example, the boolean
lattice of subsets B,, (with subsets replaced by binary vectors) admits a Hamiltonian cyclic
rhombic strip such that the binary reflected Gray code is an x-monotone Hamilton cycle
in it [2, 1]. The rank function of B,, counts the number of 1s in the vector, which implies
the following: When restricting the binary reflected Gray code to those binary vectors
containing a fixed number k of 1s, we obtain a Gray code for the k-combinations of [n]
in which two adjacent combinations have a symmetric difference of size 2. In general, a
rhombic strip provides simultaneous Gray codes for all ranks of the lattice.

Rhombic strips are related to facet-Hamiltonian cycles on polytopes and Venn diagrams.
Details can be found in [1].
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Figure 19: A rhombic strip in the lattice of subtrees of a complete binary tree.

We propose two problems concerning rhombic strips:

Problem 1. Consider the lattice L(G, r) of connected subgraphs of a graph G which contain
a fixed vertex r € V(G), with the inclusion order. The rank function counts the number of
vertices in a subgraph. We can show that L(G, r) admits a rhombic strip if G is a tree.

Question 1: Under which conditions on G and r can we guarantee that L(G, )
admits a rhombic strip?

Problem 2. Some lattices do not admit rhombic strips. For example, the Young lattice, and
the set of ideals of the poset C; (known as the cycle poset on 6 elements) do not admit
rhombic strips. The product of chains [3] x [3] x [3] admits a rhombic strips but no cyclic
rhombic strip. We conjecture more generally, that no product of odd chains admits a cyclic
rhombic strip.

Question 2: Can we identify necessary conditions for a lattice to admit a (cyclic)
rhombic strip?
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17: Finite universal posets

(suggested by Sofia Brenner)

Let P be a family of finite posets. A poset P is universal for P if P contains all posets in P as
subposets. Universal objects have been studied for various classes of combinatorial objects
(for instance, for graphs and directed graphs), and so a natural question is the following:

Question 1: What is the number of elements of the smallest poset P that is
universal for all posets on n elements (for fixed n)?

An easy argument (see [1, Proposition 2.2]) shows that the Boolean lattice, that is, the
poset (2™ C), is universal for the set of all n-element posets. This provides an upper
bound of 2™ for the number of elements of the smallest universal poset. Concerning lower
bounds, one can show that a universal poset must have at least 2('+°(1))"/4 elements.

Clearly, one approach to close this gap is to focus on suitable subposets of the Boolean
lattice. Using this idea, Bastide, Groenland, and Nenadov recently proved the following:

Theorem 1 ([1]). There is a constant C > 0 such that for any n € N, there s a subposet
P of (2, C) on at most 22™/3+CVN elements that contains all n-element posets.

For the proof of this theorem, they essentially partition the set of posets on n elements into
two parts, depending on whether the poset contains an antichain of size at least a for some
fixed a € N. The posets containing such an antichain are embedded into a smaller Boolean
lattice, the remaining ones are treated by a special construction.

It remains to close the gap between the two bounds. As a special case, one might want to
use the same strategy and consider only subposets of the Boolean lattice:

Question 2:  What is the minimum order of a subposet of the Boolean lattice
(2" C) that contains all posets on n elements?

In general, however, it would be very interesting to come up with different constructions for
universal posets, i.e., to construct universal posets that are not subposets of the Boolean
lattice.
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18: Universal tori for permutations

(suggested by Aaron Williams with Liz Hartung and Joe Sawada)

De Bruijn sequences

A de Bruyn sequence of order n is a circular binary string of length 2™ that contains every
n-bit binary string exactly once as a substring. For example, 00010111 suffices for n = 3
as its substrings of length 3 are 000, 001, 010, 101, 011, 111, 110, 100 where the last two
wrap-around. Similarly, 001021122 is a k-ary de Bruijn sequence for k = 3 and n = 2.

These linear sequences are well understood. They are the labeled Eulerian circuits of the
de Bruijn graph (i.e., one node per word of length n — 1 with edges of the form xax — oy
with label y for all x,y € [k]) which leads to their famous counting formulae [2, 23].
Specific sequences can also be generated in various ways. In particular, Knuth refers to
the lexicographically least sequences by the name grand-daddy [16] and they were among
the first combinatorial objects to be generated greedily [17]. Alternatively, they are created
by reducing necklaces in lexicographic order to their aperiodic prefixes (e.g., 00010111 =
0-001-011-1 is obtained from the necklaces 000,001,011,111) [8, 9] and similar approaches
work using co-lexicographic [5, 4] and cool-lex order [21, 22]. These constructions and
others can be visualized as trees [20] and created efficiently with successor rules [10, 11].
For additional information see http://debruijnsequence.org [19]. As with the binary
reflected Gray code, de Bruijn sequences are an example of Stigler’s Law [3].

De Bruijn tori

One way to generalize de Bruijn sequences is in their shape. In particular, the two-
dimensional analogues are known as de Bruiyyn tor:. These objects have five parameters:

e R-by-C is the shape of the torus.
e 1-by-c is the shape of the window.

e k is the number of symbols or values (e.g., k = 2 for binary).

At the Workshop on Generalizations of de Bruyn cycles and Gray Codes (BIRS 2004)
Ron Graham asked if these tori always exist up to simple constraints. More specifically,
Problem 480 [14] asks if a k-ary (R, C,r,c)-de Bruyn torus exists whenever k > 1, RC =
k™, R > r and C > c. Despite the various ways of understanding and generating de
Bruijn sequences, this question is still wide open. However, some special cases have been
constructed — including the square-square cases (i.e., R = C and r = ¢) for binary [7] and
k-ary [13] — often by layering, rotating, and concatenating linear de Bruijn sequences.

Universal cycles for permutations

Another way to generalize de Bruijn sequences is in the objects they contain. The term
unwversal cycle is typically used in this context [1].
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It can be easily seen that permutations written in one-line notation do not have universal
cycles when n > 3. If such a cycle were to exist for n = 3, then it must contain 123 and
so it could be rotated to have the form 123000. However, 230 must be a permutation, so
the first O is 1. Then 310 must be a permutation, so the second O is 2, and similarly, the
third is 3. In other words, there is no flexibility for the subsequent symbols. But 123123 is
not suitable a universal cycle (e.g., 123 appears twice while 321 appears zero times).

Universal cycles of S, can exist when using some type of indirect encoding or representation.

e An order isomorphic encoding represents a permutation of [n] using the relative
order of n distinct values, but the values are not limited to the set [n]. For example,
when n = 4 the word 1453 encodes the permutation 1342. Johnson proved the best
possible existence result: n+ 1 values are sufficient [15]. Note that 123143 is an order
isomorphic universal cycle for the permutations of n = 3.

e The shorthand representation encodes a permutation using its first n — 1 values.
For example, when n = 4 the word 134 encodes the permutation 1342 as it omits the
final redundant value 2. A shorthand universal cycle for the permutations of [n] is
equivalent to a universal cycle for the (n — 1)-permutations of [n]. These cycles exist
and can be generated efficiently [18, 12]. Note that 123132 is a shorthand universal
cycle for n = 3 (or a universal cycle for the 2-permutations of {1, 2, 3}).

e A relazed shorthand representation is a word of length n whose values are in [n],
however, only it is only required to have n — 1 distinct values [24]. If there is a
repeated value, then its second copy is deleted and the unique missing value is placed
at the end. For example, when n = 4 the word 1314 encodes 1342. A shorthand
universal cycle is a relaxed shorthand universal cycle since the former ensures that
the first n—1 symbols are distinct. Note that 123414231432124313241342 is a relaxed
shorthand universal (but not a shorthand universal cycle) for n =4

Shorthand universal cycles for permutations are arguably the most useful of these ap-
proaches. This is because each successive permutation of [n] (including the omitted missing
symbol) differs from the previous by a prefix rotation of length n or n — 1 [12]. In other
words, shorthand universal cycles also provide a nice Gray code for the permutations.

If the permutations must be encoded directly but repetition is allowed, then we have a
superpermutation. That is, a superpermutation is a word in which every permutation
of [n] appears at least once as a substring [6]. (The dual objective of including as many
permutations as possible without repetition is trivial; 12 ---n12 ... n—1 is a suitable
construction regardless of whether the sequence is linear or cyclic.)

Universal tori for permutations

In this problem we wish to combine the last two generalizations of de Bruijn sequences.
In other words, we want to consider universal tori for permutations. As is the case with
universal cycles, we need to relax the goal since direct encoding is too restrictive.*

In principle we can consider any of the approaches from the previous section. More specif-
ically, we can use an alternate encoding like order isomorphism, shorthand representation,

4Exercise left for the reader.
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or relaxed shorthand representation. Alternatively, we can allow repeated permutations (as
in a superpermutation), or include as many permutations as possible without repetition.

Here we consider two natural generalizations of the shorthand representation. To make the
distinction more tangible we use the square window with r = 2 and ¢ = 2 as an example.

e Ignored cell. The bottom-right cell of the window is ignored. So 2-by-2 windows
support permutations with n = 4. For example ]2 represents the permutation 1234.

e Omutted cell. The window is missing one value. So 2-by-2 windows support permu-
tations with n = 5. For example 17 represents the permutation 12345.

To get an initial sense for these objects, Joe Sawada programmed a combinatorial search
for 2-by-2 tori using both of these generalized shorthand representations. Constructions for
the positive results appear in Figure 20.

e When n = 4 and the window size is 2-by-2, there do not exist universal tori of
permutations using ignored cells for any R-by-C tori.

e When n =5 and the window size is 2-by-2, there exist universal tori of permutations
using omitted cells for R-by-C tori when (R, C) € {(2,60), (4,30), (6,20),(8,15)} but
not when (R, C) € {(3,40), (5,24)} (with the final case (R, C) = (10, 12) left open).

020310430201034
131423124132412
020310403201304
141242321434213
023010403201304
314232124142412
023010430201034
341243214343421

Figure 20: Unwversal tori of permutations for n =5 using (2,2)-windows and an omat-
ted cell. Note that the window contains n — 1 = 4 wvalues and the unique
massing value 1s omatted and inferred. For example, the top-left windows
91 encode the permutation 01234 using 0-based values and row-magor order.
Stmilarly, in two of the constructions the window to its left 1§ wraps-around
horizontally and encodes 40132. The 1mages above show that these tori exist
for sizes (R, C) € {(2,60), (4,30), (6,20),(8,15)}.

Question 1: When do universal tori of permutations exist using ignored cells?

Question 2: When do universal tori of permutations exist using omitted cells?
We note that Question 2 is a special case of Graham'’s Problem 480 [14].
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19: Flip the rightmost O and leftmost 1 (ROLT)

(suggested by Aaron Williams)

Consider the following greedy algorithm for combinations (i.e., fixed-weight binary words):
flip the rightmost 0 and the leftmost 1

such that a previously unseen combination is generated. In other words, the ROL1 al-
gorithm repeatedly transposes a pair of bits where the first priority is selecting Os from
right-to-left, and the second priority is selecting 1s from left-to-right. For example, the
order starting from 0*1% appears below with the transposed 0 and 1 shown on the left, and
the prefix of the form 0*1 on the right.

00001111, 00001111,
00010111, 00010111,
00011011, 00011011,
00011101, 00011101,
00011110, 00011110,
00101110, 00101110,
00100111, 00100111,

This greedy idea may seem somewhat arbitrary at first. However, Figure 21 shows that
it creates an order that is similar to lexicographic order when started from 0¢1°. This
similarity is particularly exciting as Gray codes with lexicographic structures tend to have
a variety of applications [1, 2, 3].

Question 1: Does the greedy ROL1 algorithm starting from 00---011---1 work?
Does the order have the following properties?

(a) All words with prefix 0'1 appear before those with prefix 0'~'1.
(b) The last word is 1°0¢.

Answering Question 1 may require understanding how the algorithm works when starting
from other words. For example, if (a) and (b) are true, then the order changes the first
bit exactly once from 011¢710°~" to 101¢-'0®>~'. The algorithm will never flip the first
bit again as the words starting with 0 were created, so the second-half is identical to ROL1
starting at 0197'0°~'. But understanding how the algorithm works starting from 01*0*
requires us to know how it works starting from other words. As a result, it might be easier
to answer the following stronger question which is verified for a = 3 and b = 3 in Table 1.

Question 2: Does the ROL1 algorithm work starting from every combination?

If Question 1 or 2 can be answered in the affirmative, then there are several natural follow-up
questions including the following.
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000111 | 001011 | 0O1101 | OO1110 | 010011 | 010101 | 010110 | 011001 | 011010 | 011100
001011 | 000111 | OOO111 | OOO111 | OOO111 | OOO111 | OOO111 | 001011 | 001011 | OO1101
001101 | 001101 | OO1011 | OO1011 | OO1011 | OO1011 | OO1011 | OOCO111 | OOO111 | OOO111
001110 | 001110 | 001110 | OO1101 | OO1101 | OO1101 | OO1101 | OO1101 | OO1101 | OO1011
010110 | 010110 | 010110 | 010101 | 0OO1110 | 001110 | 001110 | 001110 | 001110 | OO1110
010011 | 010011 | 010011 | 010011 | 010110 | 010110 | 011010 | 010110 | 010110 | 010110
010101 | 010101 | 010101 | 010110 | 010101 | 010011 | 010011 | 010011 | 010011 | 010011
011001 | 011001 | 011001 | 011010 | 011001 | 011001 | 010101 | 010101 | 010101 | 010101
011010 | 011010 | 011010 | 011001 | 011010 | 011010 | 011001 | 011100 | 011001 | 011001
011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011010 | 011100 | 011010
101100 | 101100 | 101100 | 101100 | 101100 | 101100 | 101100 | 101010 | 101100 | 101010
100101 | 100101 | 100101 | 100101 | 100101 | 100101 | 100101 | 100011 | 100101 | 100011
100011 | 100011 | 100011 | 100011 | 100011 | 100011 | 100011 | 100101 | 100011 | 100101
100110 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110
101010 | 101010 | 101010 | 101010 | 101010 | 101010 | 101010 | 101100 | 101010 | 101100
101001 | 101001 | 101001 | 101001 | 101001 | 101001 | 101001 | 101001 | 101001 | 101001
110001 | 110001 | 110001 | 110001 | 110001 | 110001 | 110001 | 110001 | 110001 | 110001
110010 | 110010 | 110010 | 110010 | 110010 | 110010 | 110010 | 110010 | 110010 | 110010
110100 | 110100 | 110100 | 110100 | 110100 | 110100 | 110100 | 110100 | 110100 | 110100
111000 | 111000 | 111000 | 111000 | 111000 | 111000 | 111000 | 111000 | 111000 | 111000
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100011 | 100101 | 100110 | 101001 | 101010 | 101100 | 110001 | 110010 | 110100 | 111000
000111 | 000111 | OOO111 | OO1011 | 0OO1011 | OO1101 | 010011 | 010011 | 010101 | 011001
001011 | 001011 | 0OO1011 | OOO111 | OOO111 | OOO111 | OOO111 | OOCO111 | OOO111 | 0OO1011
001101 | 001101 | OO1101 | OO1101 | OO1101 | OO1011 | OO1011 | OO1011 | 0OO1011 | OOO111
001110 | 001110 | 001110 | 001110 | 001110 | 001110 | 001101 | 0OO1101 | 0OO1101 | OO1101
010110 | 010110 | 010110 | 010110 | 010110 | 010110 | 001110 | 001110 | 001110 | OO1110
010011 | 010011 | 010011 | 010011 | 010011 | 010011 | 010110 | 010110 | 010110 | 010110
010101 | 010101 | 010101 | 010101 | 010101 | 010101 | 010101 | 010101 | 010011 | 010011
011001 | 011001 | 011001 | 011001 | 011001 | 011001 | 011001 | 011001 | 011001 | 010101
011010 | 011010 | 011010 | 011010 | 011010 | 011010 | 011010 | 011010 | 011010 | 011100
011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011100 | 011010
101100 | 101100 | 101100 | 101100 | 101100 | 110100 | 101100 | 101100 | 101100 | 101010
100101 | 101001 | 100101 | 100101 | 100101 | 100101 | 100101 | 100101 | 100101 | 100011
100110 | 100011 | 100011 | 100011 | 100011 | 100011 | 100011 | 100011 | 100011 | 100101
101010 | 100110 | 101001 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110 | 100110
101001 | 101010 | 101010 | 101010 | 110010 | 101010 | 101010 | 101010 | 101010 | 101100
110001 | 110010 | 110010 | 110010 | 110001 | 101001 | 101001 | 101001 | 101001 | 101001
110010 | 110001 | 110001 | 110001 | 110100 | 110001 | 111000 | 110001 | 110001 | 110001
110100 | 110100 | 110100 | 110100 | 111000 | 110010 | 110010 | 110100 | 110010 | 110010
111000 | 111000 | 111000 | 111000 | 101001 | 111000 | 110100 | 111000 | 111000 | 110100
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Table 1: The greedy ROL1 algorithm works starting from any combination with a = 3
copies of 0 and b =3 copies of 1.
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Figure 21: Lexzicographic order (left) and the greedy ROL1 order (right) starting at 0°1°.

Question 3: Can the ROL1 order(s) be generated efficiently?

Question 4: Is there a generalization to all binary words or s-words?
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20: Generalizing the permutation language series to s-words

(suggested by Aaron Williams)

One of the biggest successes in combinatorial generation and Gray codes over the past
decade is the Permutation Languages series. It began in Summer 2018 when Torsten
Miitze suggested to visitors Liz Hartung and Aaron Williams that they try to find a Gray
code for Baxter permutations Av,,(2413,3142) with an eye towards Gray codes for rectan-
gulations. Two different but equivalent solutions were quickly discovered: one using local
recursion and the other a greedy algorithm. The result was a broad generalization of plain
changes for permutations to a jump Gray codes for zig-zag languages using Algorithm J.
Since then it has had many applications including but not limited to (i) pattern avoidance
in permutations [10], (ii) lattice congruences [11], (iii) rectangulations [13], (iv) elimina-
tion trees [6], (v) acyclic orientations [5], (vi) pattern avoidance in binary trees [9], (vii)
supersolvable hyperplane arrangements [1, 2].

While the series continues to find new applications, there does seem to be certain limitations.
For example, it is not clear how one would obtain results for k-Catalan objects (e.g., k-ary
trees) as there is no known pattern avoidance result using permutations. However, there
is such a result for pattern avoidance within s-words® which contain s; copies of i for a
signature s = (s1,82,...,8m) (or s = (S0, S1,...,Sm_1 for O-based symbols).

At this past year’s Permutation Patterns Conference (2025) a generalization of zig-zag
languages and Algorithm J to s-words was proposed [4] (also on arXiv [3]). It was discov-
ered during the SMALL REU at Williams College along with eight talented undergraduate
students from Canada, Europe, and the United States. In some cases (e.g., rectangulations
[13]) it is not clear if this generalization could lead to new results. In other cases (e.g., lattice
congruences [11] and pattern avoidance in binary trees [9]) there is additional unpublished
work. This problem highlights some of what is known and avenues for future work, but
everyone familiar with the Permutation Languages series is invited to participate.

Permutations to Stirling s-Words of type 212

While our proposed generalization applies to all s-words, a natural first result involves
Stirling s-words. Recall that a Stirling word is a permutation of 1,1,2,2,...,n,n with
the property that only smaller values can appear between the two copies of value i. More
generally, a Stirling s-word is a words with signature s that avoids the pattern 121.

In this section we instead consider these words with smaller/larger reversed. That is, a
Stirling s-word of type 212 is an s-word that avoids the pattern 212.

Stirling s-words of type 212 are particularly nice in the context of generalizing zig-zag
languages and Algorithm J. This is because the copies of a value j cannot be split up when
they move over a smaller value i < j, since otherwise a copy of the forbidden 212 pattern
will be created. Another way of stating this advantage is that Stirling s-words of type 212
can be represented by an inversion word that contains only one entry per unique value
rather than one entry per symbol in the word.

5These are also called multiset permutations, words with fixed-content or Parikh vector, or s-permutations.
With regard to the last option, s-word leads to more appropriate variable names when programming.
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Figure 22: Plain changes for Stirling s-words of type 212 with signatures s = (1,2,3)
(top) and s = (1,2,3,1) (bottom) [4].

Given this discussion it is fairly easy to see how to generalize plain changes from permu-
tations to Stirling s-words of type 212: greedily swap the largest value. In this context a
swap moves every copy of a value j over one copy of a smaller value i < j. The resulting
order recreates the familiar zig-zag pattern of local recursion seen in Figure 22.

Hamilton paths in the generalization of permutohedra involving trees [7] are also created
(but differences in conventions lead to a change from decreasing trees to increasing trees).
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Figure 23: Hamilton paths in s-permutohedra for s = (2,1,3) and s = (2,2,2). The
second example also shows the corresponding +1 Gray code for the inversion
words.

2

Note: In the rest of this problem we primarily use the standard notion of Stirling s-words.
In other words, Stirling s-words of type 212 are more of a special case.
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Algorithm B for bumps

When working with other languages we want to be able to move some copies of a value j
(rather than all of them) over more than one smaller value i < j (rather than one of them).
This leads to our notion of a bump, which is a generalization of a jump [10]. To define the
operation we first define the rank of each symbol in a word and a one-sided run.

Let w =wyw; ---w,, be an s-word with s = (s7,82,...,8m). Each v € [m] is a value and
each w; is a digit. Each digit has a unique index (i.e., w; has index i) but also a unique
rank based on its value and position relative to the other digits with the same value. More
specifically, the rank of each digit is between 1 and n and it is obtained by increasing value
then left-to-right index. For example, the ranks of 123332 are 124563.

The right-mazimal run (or right-run) at index i is wiwiyq---wj with wy = .- = w;
and j = n or w; # wj;. Note that these runs can also be specified by the rank of the
digit rather than its index. A right-bump moves a right-run to the right past some smaller
digits. Left notions are defined in the same way, and a bump is a left-bump or right-bump.

A bump has various parameters including value v, rank r, index i, width w, and distance d.
For example, 1121133311 creates 1331211311 by a left-bump with value v = 3 (i.e., this is
the larger value that moves) and width w = 2 (i.e., two copies 33 move left) and distance
d =4 (i.e., four digits are passed 1211) starting at index i =7 (i.e., w; = 3) or rank r = 8.

Let L be an s-word language (i.e., a subset of s-words for some s). Suppose a bump
at rank r changes w € L to w’. The bump is minimal for its rank and direction if its
distance is positive and minimized with respect to w’ € L. Similarly define a minimal left-
bump, and a bump to be minimal if it is a minimal right-bump or a minimal left-bump.
Note that minimal bumps on w € L are uniquely determined by rank and direction. Our
generalization of Algorithm J replaces values with ranks, and prefers rightwards bumps.

Algorithm B attempts to generate an s-word language L with s = (s, s2,..., s, ) as follows.

Bl Initialize. Visit the given initial word w (or by default visit w = 112%2...m®m),

B2 Greedy. Let w be the most recent word visited. Visit a new word by applying to w
a minimal bump prioritized by largest rank then rightward over leftward. Halt if no
such bump exists. Otherwise, repeat B2.

Zig-zag languages for s-words

Our generalization of zig-zag languages can be defined in terms of jumps. Say that a jump
is mazimum if it uses the longest distance from an index in a direction. In other words, it
moves a digit in one direction until it reaches a value that is greater than or equal to it. A
z1g-zag language is then an s-word language that is closed under maximum jumps. Note
that closure under maximum jumps also implies closure under maximum bumps.

Zig-zag languages include Av¢(a) (i.e., the avoidance of pattern «) when o’s largest val-
ues are wnternal (i.e., not first or last) and isolated (i.e., not consecutive). Zig-zag lan-
guages are also closed under intersection (and union). As a result, the peakless s-words
Av,(132,231,121) are a zig-zag language. Indeed, these words are a subset of every zig-zag
language as any peakless s-word is created from any s-word by a series of maximum jumps.
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h

) 111
L) 1112 1121 211 2111

\7 _ — -
p(L) 1 11221 11212 1211 12211 22111 21211 21121 21112

L 111222 112221 112212 112122 121122 122211 122112 221112 221121 221211 222111 212211 212112 211212 211221 211122
—_—— — — N~ — ——
©(11122) < (11221) T (11212) € (12112) 7 (12211) € (22111) < (21211) ©(21121) < (21112)

Figure 24: Algorithm B’s Gray code for L = Avsz 3(12121) and its ancestor languages.
Note that successive children jump the rightmost largest value either to the
left or right (or nowhere if there is no room) as these are Algorithm B’s
highest-priority operations. Then a bump changes the last child of one parent
to the first child of the next parent, and the rightmost largest value may join
these bumps. For example, the jump 22111 = 21211 in the parent language
widens to become the bump 222111 = 212211 in L.

We can prove that Algorithm B generates any zig-zag language using an inductive argu-
ment that is illustrated in Figure 24. But Algorithm B also generates other languages
including Avs(212) (i.e., Stirling s-words of type 212). To prove this we can more generally
define z19/zag languages (as opposed to zig-zag languages) by allowing values to either
be stationary or closed under maximum-jumps, which is an approach taken in some of the
Permutation Languages papers.

Catalan objects to k-Catalan objects

It is well-known that the Catalan numbers count Av, («) for all patterns of length three
(i.e., any single & € {123,132,213,231,312,321}. More generally, the s-Catalan numbers
generalize the Catalan numbers (using signature s = (1,1,...,1)) and k-Catalan numbers
(using signature s = (k, ..., k)) and they count Av(«, 3) for certain pairs of patterns (o, )
including the following

o (231,121) [12]
o (231,221) [§]

o (123,122) [14]

with the general result presented in the latter. The first pair is particularly helpful as
Av¢(231,121) (or equivalently, Avg(132,121)) form a zig-zag language. This leads to new
Gray codes including those shown in Figure 25.

112233 3322 113223 311223 311322 331122 332211 322113 221 211233 332112 321123

FRE L Y O TN
Maa ash aAL AR Aa aa xA A s As A A

Figure 25: Pattern-avoiding s-words Avg(132,121) for s = (2,2,2) with Gray codes for 3-
Catalan objects. The ternary trees differ by moves preserving inorder (i.e.,
visit self before last child).
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21: Anti-Gray codes

(suggested by Hung Hoang and Arturo Merino)

Given a graph G = (V, E), we can construct its kth power by adding an edge between all
pairs of distinct vertices that are at distance at most k. That is, G* = (V, EX) where

Vv
EX ={uv e (

2) | do(wv) < K.

Such graphs are intimately related to k-Gray codes, as a k-Gray code is simply a Hamilto-
nian path or cycle in G*. Sufficient conditions for the existence of Hamilton cycles in G*
are provided by the classical results of Sekanina [2] and Fleischner [1].

Theorem 1. If G is connected, then G3 contains a Hamilton cycle. Furthermore, if G
is 2-connected, then G? contains a Hamailton cycle.

Thus, for a connected graph G, we can define its Gray code number, denoted GC(G), as
the smallest k such that G* is Hamiltonian. By the aforementioned results, we know that
GC(G) €{1,2,3} for any connected graph G.

We propose the study of the following variant: instead of looking at powers, we examine
copowers. That is, we connect vertices that are at distance at least k. Formally, the kth
copower of G is given by GZ* = (V, EZ¥), where

EZk = {uv € (\2/> | dg(u,v) > k}.

Analogously, we define the anti-Gray code number, denoted aGC(G), as the largest k
such that G=* is Hamiltonian.

Currently, we know the following:

Proposition 2. Let Q,, be the n-cube, and T1,, the n-permutahedron. Then, aGC(Q,) =
n—1 and aGC(IT,) = (5) — 1.

3)

Proof sketch. For both it is easy to see that Q=™ and ﬂi(
they are disconnected, yielding the upper bound.

For the lower bound there is a construction from the BRGC/SJT. (Turn upside down to
spoil yourself.)

are matchings. In particular,

"(3Teq 3SIG 97} JO [BSISASI SSTM-JUSWIS[S dU}) 4§ UM 41 SABS[ISJUL pue

‘1g “TI,['S 243 JO ey 3siy oY} oye], :Ppo SI (i) J1 (sresiana1 Surgeursyre) - Yufufu iy
ST 9[0£d oy, "i™Mwu ‘- ‘lu sousnbes I,rS 93} 9B, :USAS SI (i) JI uoIpsyeNUWIsg 9} I0q
"(3reY 3817 913 JO JueWSIdWIOD SSTM-JUSTISTd aU3) Lg Ym g aaes[iaju] ‘OOHYY

o3 JO J[BY 4SIY oUj oq 'g $oT :ppo ST U I ‘(syuewsidwioo Surjeursyfe) -t ‘ts‘€s¢Tsls
ST 9[0£D oY, "uls‘ ' *‘ls souanbas HHYY piepue)s 8y} oL, USAS ST U I :2qn)) 37} Ioq

This finishes the proof. ]

A first natural question is for which other graphs we can compute the anti-Gray code
number.
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Question 1: For which other graph families can we compute the anti-Gray code
number? In particular, if A, is the n-associahedron, what can be said about
aGC(A.).

It would be particularly interesting if we could expand the zigzag framework to anti-Gray
codes.

Question 2: Is there an anti-Gray code version of the zigzag framework?

Finally, we ask if there are meta-theorems for anti-Gray codes similar to those for graph
powers.

Question 3: Are there Sekanina/Fleischner type results for anti-Gray codes?

References

[1] FLEISCHNER, H. The square of every two-connected graph is Hamiltonian. J. Combi-
natorial Theory Ser. B 16 (1974), 29-34.

[2] SEKANINA, M. On an ordering of the set of vertices of a connected graph. Spisy Prirod.
Fak. Unwv. Brno 1960 (1960), 137-141.

a7



PrOBLEM 22: HAMILTONICITY OF GENERALIZED HEAWOOD GRAPHS CAG 2026

22: Hamiltonicity of generalized Heawood graphs

(suggested by Torsten Miitze)

Consider the infinite tiling of the plane with regular hexagons, and label each hexagon by
a triple a = (a1, az, a3) of non-negative integers according to the three directions as shown
in Figure 26.

Figure 26: Infinite hexagonal tiling with labeling of hezagons.

For a triple b = (by,bz,b3) € N2, we define the b-Heawood graph Hy, as the graph
obtained from the infinite hexagonal grid as follows: We take the subset of hexagons whose
labels (aj,a,,az) satisfy a; < by for i = 1,2,3, and we identify boundary vertices of
the resulting hexagonal patch if they lie on pairs of opposite sides (like on a torus); see
Figure 27. The classical Heawood graph is the special case H(1,1). Note that Hy is

3-regular and vertex-transitive.

Ceballos and Doolittle [1] raised the following problem.

Question 1: Does Hy have a Hamilton cycle, for any b € N2 ;?

Actually, they conjecture that there is always a Hamilton cycle that alternately uses edges
along only two of the three possible directions; see Figure 28.

Question 2: Does Hy, have a Hamilton cycle that alternately uses only two of
the three possible edge directions, for any b € N2 ;7
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Figure 27: Three instances of b-Heawood graphs, namely for b = (3,1,2), b = (2,2,2)
and b = (1,1,1), from left to right. The bottom right shows an alternative
drawing of the graph H111).

(a) H(3,1,2) (b) H(3,1,2)

Figure 28: (a) A Hamailton cycle in Hs 1 2) that alternately uses only two of the three
possible edge directions (vertices labeled 1,...,36 along the cycle). (b) A
cycle in Hz 12) that uses two directions other than the ones from (a) but
that is not a Hamilton cycle (vertices labeled 1,...,18 along the cycle).

In fact, this definition of b-Heawood graph can be generalized to any vector b € Nd;51 by
starting with an infinite tiling of RY with d-dimensional permutahedra, taking a subpatch

according to b and identifying opposite facets; for details see [1]. These graphs are (d + 1)-
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regular and vertex-transitive. Question 2 then generalizes naturally to the following.

Question 3: Does Hy have a Hamilton cycle that alternately uses only two of
the d + 1 possible edge directions, for any d > 2 and b € N¢,?
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